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Wakefield excitation in multimode structures by a train of electron bunches

J. G. Power, Wei Gai, and Paul Schoessow
High Energy Physics Division, Argonne National Laboratory, 9700 South Cass Avenue, Argonne, lllinois 60439
(Received 16 September 1998; revised manuscript received 7 Jung 1999

We discuss wakefield excitation and propagation in dielectric structures, particularly concentrating on the
case of multiple drive beam excitation in multimoded structures. We emphasize calculations of the energy loss
of the drive beam train, the amplitude of the wakefield, and the relationship between power flow and stored
energy in the dielectric wakefield device. We show that for a collinear multimode structure the amplitude of the
wakefield generated by a bunch train is less than or equal to the wakefield generated by a single bunch of the
same total charge. Furthermore, the transformer fatis shown to be always less than 2, even in the multiple
drive beam casdgS1063-651X99)03511-4

PACS numbes): 41.60.Cr, 41.75.Ht, 29.1Fw

I. INTRODUCTION Il. WAKEFIELD EXCITATION BY AN ARBITRARY
AXIAL CHARGE DISTRIBUTION
In general, the wakefield theoreft] restricts the maxi-
mum accelerating field behind the drive bunch in a wakefiel

accelerator to less than twice the maximum retarding fiel ] 0int source. For a particle of chargdocated at positionz,

inside the drive bunch, thus limiting the efficiency that can_ -4 movina with axial velocitw  the charge density is
be obtained. One of the key concepts central to the physics. 9 W, 9 y

In general, the wakefields in a structure with cylindrical
ymmetry can be found by first solving the problem for a

of wakefield acceleration is that of the transformer ratio. The® vo"" by
conventional definition i$2] 5(1)
p(r,zo,t)=q75(zo—vt). 1
__(maximum energy gain behind the drive bupnch
the Green’s function for the axial electric field of the form
[7]
For the case of a collinear drive and witness beam geom-
etry device,R is always less than 2 except in a few special ”
cases. An alternative definitidi], GZ(r’Z):nZo Gn(r)cogknz). 2

; ; ; ; The G, (r) are the coefficients of the Fourier expansion of
R= (maximum energy gain behind t_he drive bum,ch the wakefield that carry the radial dependence of the wake-
(average energy loss of drive bunch field. From this point on we will only need to consider fields
atr=0, so the explicit dependence omwill be dropped.
can in fact exceed 2. I this paper we will use the conveny . T FECEAY AR ST 000 SCEL ion ot the
tional definition for the transformer ratio given by the first . oz P D
Green'’s function over the axial charge distribution

expression.
There have been a number of attempts to design wakefield w
schemes that provide transformer ratiBs>2 through the _ J’Z , o ,
use of noncollinear drive beam/accelerated beam geometries EA2) _wf(z )ngo Gn cogkn(z=2)]d7Z, @

[4], asymmetric drive beam axial distributiof], nonlinear

beam dynamic$5], and plasma dynami¢$]. There has re-  \yhere the normalization is such thgf . f(z)dz=N is the

cently been a proposgB] to combine the use of a multimo- \ymper of electrons in the bunch, aetN=Q is the total
ded dielectric structure with a train of drive bunches ©Ocharge of the bunch.

achieveR>2. In this work the authors identify coherent g 5 train ofM bunches evenly spaced at multiples\of

spontaneous emission of Cherenkov radiation as the neyyii, ¢ (2 as the distribution of thenth bunch, the distribu-
mechanism through which the transformer ratio enhanceggn, can be written as

ment proceeds.

We show that under the assumptions of their analysis, M—1
there is no enhancement in the transformer ratio and that the f(z)= >, fm(z—m\), (4)
accelerating gradient obtained is exactly what would be ex- m=0

pected from linear superposition of the wakefields of the in-
dividual bunches. and the corresponding wakefield as
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, [M-1 * merical techniques. For dielectric structures an analytic solu-
Ez(z)zf E fn(z' —m) G, codky(z—2")]dZ tion can also be obtained.
—o| m=0 n=0
M-1
= EO E.n(2), (5) Ill. ENERGY LOSS OF A BUNCH TRAIN
m=
whereE, ., is the longitudinal wakefield due to tmeth bunch Consider themth bunch in the train. Assuming=c so
(located az=m\) acting alone. that by causality the bunch is affected only by its self-field

This expression for the wakefield of an extended charg@nd the fields of the bunches leading it, the energy loss per
distribution can be evaluated most conveniently using nuunit length traversed by theth bunch can be expressed as

] , (6)

=fjc dzfm(z—m)\)UZ dz’{[fm(z’—m)\)]GZ(z—z’)}}+JOo dz f,(z—m\)
><|fz dz'

. m-1
=f dzfm(z—m)\)[f dz'{[fm(z’—m)\)]GZ(z—z’)}}+f dz fm(z—m)\)[ > Ezm,(z)}. (8)
— —© - m’'=0

m
( > fa(z—m'\)
m’'=0

[ z
Um/ezf dzfm(z—m)\)|f dz G, (z—7")

m—1
( > fo(Z—m'\)
m’'=0

Gz(Z—Z’)”, (7)

The first term is the energy loss due to the self-wakefieldpn consideration of the wakefield itself. Since the axial elec-
while the second term is the energy loss due to the waketric field behind themth bunch is given by
fields of the fn—1) leading bunches. Also, note that

. Ez:J‘Z dz’[ 2 fm’(Z’_m,)\)Gz(Z_Z,)]' (12
efﬁ dz f.(z)cogk,2) - (m=o

<|Ql. 9

it follows that
It is in the derivation of Eq(8) that the authors of3]

M—-1 o 2 M-1 2
made their error; they obtain@ﬂfoEzmr(m)\) for the last _ _
= U=R E,|] =R W | 13
term in Eq.(8) [their equation(17)] rather than the correct mZ:O nZO Inm mZ:O m (13
expression

where 7, is a form factor matrix depending on the detailed
w m-1 bunch distributionW,, is the peak wakefield left behind by
f dz fm(z—m)\)l E Ezmr(Z)]. the mth bunch, and R is a geometric factor that can be de-
- m’=0 termined either by direct integration or by the method de-
scribed in the following section.

IV. ENERGY STORED IN THE STRUCTURE

_ _ o V. CONSERVATION OF ENERGY
The stored energy per unit length in the structure is given

by ([7]) By conservation of energy, the stored energy per unit
length must equal the energy loss by all preceding bunches

1 (L+z minus the energy flow out of the volume due to the propa-
U=3r de f dx dy[ e(x,y,2)E2+uH?] (100  gating wakefield itself, i.e.,
z

M-1

2 M-1 M-1
E2 (L+z qu( > Wm) => Up+ > Pulc. (14
52| az[ [ axayRey.o), (a1 o R
z

Here
where E, is the peak axial electric field and(x,y,z) de-
pends only on the geometry of the structure. It is simpler, p :_J f EMHMIS (15)
however, to consider the energy lost by the bunch train based m 8w re



PRE 60 WAKEFIELD EXCITATION IN MULTIMOD E . .. 6063

is the power flow(integral of the Poynting flux over the For a perfect harmonic structure, defined as one for which

surface of the volume under considerajiohhe power flow the wakefield modes are equispaced, i.e., occur at wave num-

is related to the stored energy per unit lendtf]) by bers k,=(2mwn)/\, at z=\ (cosk,z=1) the maximum
wakefield on axis is

M-1
U= > Pnlvg, (16) »
= E,= E Gne*(knoz)Z/z_ (24)
n=0
wherev is the group velocity of the wave. Equatigh4)
can be rearranged to give Using the energy balance equatiti®) we can solve for
M-1 R
Un=(1-v4/c)U, 1 *
mE:O m ( 9 ) ( 7) E 2 G ef(kno'z)2
2450 "
whereU,, is given by Eq.(8). R=-—— 2 (25
Since the energy loss of the first bunch in the train can be ( 2 G.e (kno2)?2
calculated using Eq@8), the above equation can be used to =

obtain the wakefields of subsequent bunches, as in[REf.

However, theU,, depends on both the self-wakefield and theSimilarly, we can calculate the wake amplitude after the sec-
wakefield generated by the preceeding bunches and, mogfd bunch again using the energy balance equéfidn
importantly, on the detailed axial distribution of thmth

bunch. The effect of the power flow term is small but not R(E;+Ez)?=Uo+ Uy, (26)
negligible, as will be demonstrated by the numerical calcu- Where
lations below.
% z
VI. THE WAKEFIELD OF A TRAIN OF GAUSSIAN U,/e= fﬁmdz f1(2) fﬂcdz’fl(z’)
BUNCHES

We specialize to the case where the charge distribution is % G. cosk.(z—27'

a set ofM identical equally spaced Gaussian bunches. The Z n €O kn( )]

axial charge distribution is then

N o MTE 5 +f deo(Z)[E GnCOS{kn(Z—Z')]] 27
f(z): 2 e*(Z*m}\)Z/ZUZ. (18) —® n=0
V2o, m=0 L -
—Kpoy 2 —(Kpoy 2
The energy losgper unit length of the first bunch is then ) Z Gpe~ (a7 +HZO Gpe~ *kn72)",
% z (28
Ug/e= dz f dz' fo(z’' .
of€ j_w 2%(2) J_oc 2 To(2)) Using Egs.(25) and (26), we get
o 1 1/2
x[z Gncoikn(z—z’)]J (19 2 Gpe~ (kno)? + 2 G.e” (kno2)?
n=0
L Ei+Ex= R ,
.l e~ (knop)? (29
=3 2 Gn , (20
=2E,. (30)

where we have used the relation . ]
Therefore,E,=E,. Following the same reasoning, one can

z o1 ~(koo)? also show thakE;=E,=---=E,,. In other words, the con-
J_wdz f(2) f_xdz f(z')coskn(z—2") = 7€ "% tribution to the wakefield amplitude from each beam is inde-
(21) pendent of the beams preceding it. This is what one would
expect from linear superposition of the fields; in particular,

and Eq.(8). there are no “stimulated emission” effects present.
The wakefield left behind this bunch fa= o, can be
easily obtained as VIl. THE TRANSFORMER RATIO AND WAKEFIELD
DEVICE PHYSICS
z
Ez(Z)=f dZ’f(Z’)EO Gneodky(z—=2')] (22 In this section we consider the details of the circum-
i i

stances under whiclR>2 can be obtained, and whether
o these effects are relevant for wakefield devices driven by

_ 2 Gne—(knoz)2/2 cogk,z). (23) r_elativistic_ beams. We will s_pecialize the discussion to col-
= linear devices, where the drive and accelerated beams follow
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TABLE |. Wakefield amplitudes for the harmonic planar struc- tion or mixing [5] as a possible source of transformer ratio
ture described in the texg,, ; is the peak individual contribution of enhancement.
each bunch to the net wakefield. Our analysis shows no stimulated The central idea is to use a relatively long drive beam
emissiqn so this value is the same for. each buﬁqﬁw,i (perfect (0,~ % Nyakd); the tail of the bunch would gain energy while
harmonig is the sum of the contributions of thiéh bunch and  the head loses energy, so that the velocity difference would
preceeding bunches to the wakefield in the approximation of equalyse the tail to overtake the head. Because the velocity dif-
mode spacing, and is equal tXE,; (k,z=1). The column la-  forance would be small for a relativistic electron beam, the
.bele.dEiEW'i (simulation shows the calculated peak wakefield tak- mixing process would require a very long propagation dis-
Ing into account the actual mode spectrum of the structure. Alltance to develop, unless heavier particles such as protons
fields are in units of MV/m. were used. Ideally, through the mixing process the average
energy gain of the accelerated beam can be more than a

ss:g;r Ewi (perf eiivg; monic (siilulzlevlvf;o 9 factor of 2 over the energy of the drive beam.

To put this into perspective, consider a 30 MeV electron
1 5.251 5.251 5.251 beam with 50% momentum spread due to its self-wake. Be-
2 5.251 10.502 10.441 cause the tail portion has a higher energy, it will overtake the
3 5.251 15.753 15.533 head but it would require more than 10 m to do this. How-
4 5.251 21.004 20.512 ever, in D m a 30 MeVbeam would dissolve even assuming
5 5251 26.255 25378 a modest gradient of 5 MeV/m. We conclude that mixing is
6 5251 31.506 30.133 not a viable mechanism for enhancing the transformer ratio
7 5251 36.757 34.784 in electron-beam-driven wakefield devices.
8 5.251 42.008 39.345
9 5.251 47.259 43.813
10 5251 52510 48.195 VIIl. NUMERICAL SIMULATIONS OF MULTIMODE,

MULTIBEAM WAKEFIELD DEVICES

In this section we show our numerical results for the ex-
identical trajectories through the wakefield structure. Non-ample given in Ref[3]. The device geometry is planar; two
collinear devices, where the two beams follow differentdielectric slabs(dielectric constante=10 and thickness
paths and experience different impedances, can exflbit 0.847 cm are separated by a vacuum gap of half-height
much larger than 24,8,9. =0.3 cm. The exterior of the device is assumed to be per-

Other possibilities such as nonlinear media eff¢6t40]  fectly conductive. The beam is a train of 10 Gaussian
and the use of asymmetric drive beams with appropriatelpunches, with a charge density of 2 nC/mm/bunch transverse
tailored longitudinal current distributiof&] are also not rel- to the direction of motion.
evant here, since the authors of R&f] do not make use of The Green'’s function for this structure is given in E@)
these effects in their analysis. This leaves particle redistribuef [3]. Using this Green'’s function, we reproduce nearly the

50 T T T T T T T T T T
40t -
30+ .
: FIG. 1. Analytic wakefield of
: ] | a bunch train in the dielectric
loaded slab structure described in
Ref. [3]. Dotted lines show the
] beam profile.
_30} 4
_40}+ 4
_50 | | 1 1 1 | 1 1 | | 1
0 10 20 30 40 50 60 70 80 90 100

z(cm)
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25 T T T T T
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ol 3500

10 FIG. 2. Wakefield of a bunch
train in the dielectric loaded slab
structure described i3] calcu-
lated by direct numerical integra-
tion of Maxwell's equations. The
sizes of successive accelerating

peaks scale linearly with bunch

E (MV/m)
(=] o1
:>

-5r number; no stimulated emission
effects are observed. Small dis-
10k crepancies with the analytic calcu-
lation are due to finite mesh-size
effects.
-15r
-20r
_25 1 1 1 1 I
0 10 20 30 40 50

z (cm)

same wakefield amplitude after the leading bufitable ). expected from linear superposition. Figure 2 shows a finite
However, using the expressions derived for multiple drivedifference time domain calculation of the same problem,
bunches in Sec. VI, the subsequent wakefield amplitudes divhere the Maxwell equations are discretized on a mesh and
verge from the results of Reff3]. the fields evolved in the time domain. Again no transformer
The wakefield produced by a train of Gaussian pulses isatio enhancements beyond those expected from simple ad-
shown in Fig. 1, as computed from the mode summatiordition of the fields from the individual bunches can be ob-
formula[Eq. (5)] derived in this paper. The wake amplitude served.
at a given position is always less than or equal to the sum of We have also evaluated the wakefield in a multimode cy-
the maximum wake amplitudes of the bunches leading it, andrical dielectric structure. As pointed out in RéB], a

150 T T T T T T T T

100 ; : ; -

FIG. 3. Wakefield of a bunch
train in an approximately har-
monic dielectric loaded cylindri-
cal structure. The peak accelerat-
ing field amplitude after the first
i bunch is 54.7 MV/m, and after the
third bunch it is 126 MV/m<3
X54.7 MVIm. The less-than-
linear scaling of the peak field is
50} 4 due to the imperfect harmonicity
of the structure. In this case the
transformer ratio R=55 MV/
m)/(35 MV/m=1.6).
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?; o % FIG. 4. Comparison of energy
K4 loss by the drive beam using di-
= 08 7 rect calculation [Eq. (8)] and
5 (stored energy-(energy flow
“oal - [Eq. (14)].
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cylindrical cavity will deviate more from perfect harmonicity ing arguments based on linear superposition and energy con-
than a planar device. The wakefield for the cylindrical struc-servation, we have found that, applying the theory correctly,
ture described i3] is shown in Fig. 3. The structure dimen- both methods provide independent and identical results. We
sions are inner radius 0.375 mm, outer radius 4.88 mm, ankdave also examined the transformer ratio problem and found
€=9.43. The rms beam bunch length is 0.18 mm, and thé¢hat it is not possible to enhance the transformer ratio by
charge is 1 nC/bunch. Again no transformer ratio enhancesimply using multiple drive beams.
ment is observed. This type of structure may turn out to be useful for par-
For completeness, we have also calculated the energy logisle acceleration, based on the technology of generating high
of a single drive bunch into each mode for the first 20 modegjuality drive bunch trains from photoinjectors, less likeli-
of this structure by applying Eq8). For comparison, we hood of dielectric breakdown, and for planar structures, sup-
also calculated the energy stored per unit length minus thpression of the single bunch beam breakup instabjilitij.
energy transported away by the Poynting flux in each mod&levertheless, we have shown that the wakefield of a bunch
[Eq. (14)] for a given peak axial electric field. As shown in train is what would be expected by linear superposition of
Fig. 4, the energy loss obtained by direct calculation agreethe wakes of the individual bunches, and that no stimulated
within numerical errors with the calculation based on conseremission effects are present to enhance the transformer ratio.
vation of energy. Thus by knowing the energy stored per unit
length in each mode, one can calculate the peak electric field ACKNOWLEDGMENTS
of each mode accurately using the methods in Sec. V.
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